In this work the scalar free Klein-Gordon field coupled to the quantum mechanical gravity equation (QMGE), that takes into account the quantum property of matter, is quantized. The model has been developed at the first order in the metric tensor with a self-consistent analytical dependence of the energy impulse tensor by the quantum field. The quantum behavior, due to the quantum potential energy, in the gravity equation (GE) has been investigated by studying the energy-impulse tensor density generated the quantum field. The outputs of the theory show that the vacuum energy density of the zero point is effective for the cosmological constant only in the volume of space where the mass is localized in particles or in high gravity bodies, leading to a cosmological effect on the motion of the galaxies that is compatible with the astronomical observations. The paper shows that the energy-impulse tensor density makes the QMGE, in the quasi-Euclidean limit, physically independent by the level of the zero-point energy density of the vacuum, and possibly compatible with the renormalization techniques of the quantum field theory (QFT). Finally, the coupling of the QGE to the quantum Dirac field has been preliminary outlined.
Introduction
One of the serious problems the quantum gravity faces [1] refers to the connection between the quantum fields theory (QFT) and the gravity equation (GE). The problem has come to a partial solution in the semi-classical approximation where the energy-impulse tensor density (EITD) is substituted by its expectation value [2] [3] [4] [5] [6] . Even if unable to give answers in a fully quantum regime, the semiclassical approximation has brought to successful results such as the explanation of the Hawking radiation and BH evaporation [7] . The difficulties about the integration of QFT and the GE become really evident in the so called cosmological constant (CC) problem, a term that Einstein added to its equation to give stability to the solution of universe evolution, in the general relativity, that would lead to a final collapse. The introduction, by hand, of the cosmological constant was then refused by Einstein himself that defined it as the biggest mistake of my life [8] . Actually, the origin of the CC is basically stated by semi-empirical arguments [1] , by considering it as a pressure term in the EITD of the Einstein equation. Also the EITD for classical bodies is defined in a semi-empirical way [9] without any analytical connection to the quantum fields of matter. As discussed by Thiemann [10] , this connection cannot be build up by simply replacing the EITD by its Euclidean vacuum expectation value. If we do so, we end with a non-Euclidean metric tensor solution that has to feed back into the vacuum expectation value and so on with the iteration that does not converge in general. problem (see section 3.3 in ref. [14] ) and where the cosmological energy-impulse tensor density (CEITD)
(2.0.6) where
where| |  obeys to the Klein Gordon equation (KGE) that in the hydrodynamic representation leads to the system of equations (see ref. [14] )
The energy-impulse tensor density of boson field
In order to quantize the (scalar uncharged) field  obeying to the KGE in the non-Euclidean geometry defined by the QMGE (2.0.1), we need to express the energy impulse tensor density (EITD) in (2.0.1) as a function of such field  that by using the expression (4.0.3), in ref. [14] , reads
In the case of quantized fields, n a and n a* are quantum operators (see section 5)
The energy-impulse tensor density of fermion field
In the case of a spinor field 
, the EITD for k-plane waves reads [14]  
Quantization rules in non-Euclidean space-time of covariant quantum hydrodynamics
The covariance principle, that has been used in ref. [4] as a criterion for defining the hydrodynamic motion equation in the non-Euclidean space of general relativity (see section 3.3 in ref. [4] ), also fixes the commutation rules for quantization in non-Euclidean space-time. of N-th order, to 
, the standard quantization conditions are recovered for the Euclidean problem.
Non-Euclidean commutation relations for KGE field
By using (3.0.5-3.0.7), for a vector boson field   and its conjugated momentum   , the commutation rules read
Non-Euclidean field quantization in weak gravity
For the purpose of this paper (i.e., quasi-Euclidean space-time with particles very far from the Planckian mass density 
leading to the derivative weak gravity source
with the Christoffel symbol that reads
(4.0.5) where, at zero order, the field and its Hamiltonian read [15] , respectively,
and where 0 a ( k ) and † 0 a ( k ) are the free particle creation and annihilation operators, respectively, that obey to the commutation rules [15] 
By using (4.0.4), the perturbation Hamiltonian 1 H in interaction picture (at zero order in g  )
reads [15]   It is worth noting to observe that the first order field quantization, derived above, goes beyond the semiclassical approximation since it explicitly contains the dependence of the EITD from the quantized field. On the contrary, as shown by Barceló et al. [2] , the semiclassical approximation holds when the scale of the problem is large enough so that the quantum de-coherence takes place [16] and the EITD can be substituted by its expectation value: In the semiclassical approximation, the low gravity condition requires small variations of the gradients of the metric tensor respect to the macroscopic classical scale of the problem. On the contrary, the first order of the quantum problem, as above, requires small metric tensor gradients respect to the quantum microscopic scale that it is free from the decoherence condition that fixes the De Broglie length as the lowest limit to the macroscopic scale [16] .
Furthermore, given that the quantum scale usually is of order or smaller than m 9 10  , the first order approximation leads to a EITD (see equation (5.0.7) in section 5) that can describe quite large "macroscopic" gravitational fields.
Non-Euclidean fields quantization: the QMGE vs the classical Einstein equation
Once the field is quantized also the EITD becomes function of quantum operators and loses its deterministic classical property. On the other hand, also the metric tensor on the left part of the QMGE is an operator representing a fluctuating quantum observable. Rather than to proceed in the details of the field quantization in non-Euclidean space-time, that is a vast and well-studied field [17] [18] [19] [20] , the goal of this section is to analyze the differences that arise in considering the QMGE or the CEGE for determining the space-time geometry generated by the quantum fields. In the classical treatment, the Einstein equation is not coupled to any field equation, but just to the energy impulse tensor of classical bodies and does not give any information about how quantum fields couple with the CEGE. On the contrary, the QMGE (2.0.1) is analytically coupled to the field that undergoes quantization. Moreover, the QMGE takes also into account the energy of the quantum potential that (following the postulates of general relativity) contributes to the geometry of the space-time so that the metric tensor of the QMGE is not exactly the same of the CEGE. The main effect of the quantum potential is the generation of the CEITD. If we put to zero the quantum potential (as it happens in the classical limit), the CEITD reduces to a constant and the QMGE coincides with the CEGE. In fact, the quantum potential contribution in the CEITD is mediated by the term In this section, we will derive the CEITD of a scalar KGE field (in quasi-Euclidean limit) to show that even if the zero-point energy of the vacuum is not null, the CEITD takes a contribution from places where a mass is present but not from the vacuum.
In the case of a scalar KGE field with the Fourier decomposition
(5.0.5) it is easy to check that 
that undergoes quantum dispersion, it straightforward to see that 
Moreover, by using the discrete form field Fourier decomposition (i.e., 
is obtained by using (2.0.7) with the identities 
, we end with a more acceptable result that agrees with the astronomical observations (see the section 5 in ref. [4] ). The latter outcome is a pure quantum effect generated by the quantum potential energy. It makes that the addition of a constant level of energy density to the vacuum (due to a quantum field) does not give any contribution to the cosmological term in the QMGE. This property overcomes the incongruence between the QFT and the CEGE where, for the mass-energy equivalence, the energy density of the vacuum would have disastrous gravitational consequences at the cosmological scale. Moreover, given that ) at zero order, the CEITD can be considered vanishing, it follows that the QMGE is asymptotically independent by the energy density of the vacuum (in agreement with the basic concept of the renormalization techniques of the Euclidean QFT).
Discussion
In figure 1 is depicted the logical framework explaining the position of the QMGE in the general context of the gravitational physics. On the left side we have the general relativity whose equation is derived by applying the inertial to gravitational mass equivalence (that basically is the condition of physical covariance of the classical equation of motion) to the classical mechanics. On the right side there is the QMGE whose starting equation is the hydrodynamic equation of motion, a generalization of the classical mechanics where the quantum non-local character is generated by the quantum potential. When the quantum potential (proportional to the Planck constant) can be disregarded [16, 22] (i.e., 0   or m   as in macroscopic classical problems) the hydrodynamic motion equation reduces to the classical one. By using the physical covariance principle, the gravity equation is derived by applying the minimum action principle to the classical-like quantum hydrodynamic mechanics. The resulting QMGE (by construction) converges to the CEGE in the classical limit for 0   . The QMGE contains the gravitational effects of the quantum potential energy and hence of the all non-local interactions on the gravity. This contribution leads to two major consequences: I) the appearance of the CEITD (that in the classical limit for 0   tends to zero (or by changing definition, to a constant)) ; II) the definition of the quantum energy-impulse tensor that contains the contribution of the quantum potential and, more important, that is written as a function of the quantum fields. On this basis, it appears that the CEGE neglects the non-local properties of the quantum mechanics and cannot have connections with its fields whose entangled evolution is based upon non-locality.
Under this light, the introduction by hand of the cosmological constant in the CEGE, is just an attempt to fill this gap: The right solution is given by the CEITD. The cosmological energy-impulse tensor density makes the quantum field vacuum energy density effective for gravity only in the volumes of space where the mass is localized and, hence, from a volume of space 105 order of magnitude smaller than that one of the universe, leading to a cosmological effect on the motion of the galaxies that is compatible with the astronomical observations. Figure 1 . The quantum hydrodynamic generalization overview of classical mechanics in non-Euclidean space-time Moreover, it must be observed that the QMGE also solves the incongruence between the QFT and gravity by showing how the zero-point energy of the vacuum does not give contribution to the gravity and that it can possibly lead to a renormalizable quantum gravity theory in the Euclidean limit.
Conclusions
The coupling of the QMGE with a scalar quantum field is derived in the weak gravity limit. The paper shows that the vacuum energy density is effective for the cosmological energy-impulse tensor density only in the volumes of space where the mass is localized, leading to a cosmological effect that is compatible with the astronomical observations. The work shows that the QGE is asymptotically independent by the zero-point vacuum energy density making it possibly compatible with the renormalization QFT techniques. The coupling of the QGE to the quantum Dirac field has been preliminarily outlined.
